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Information about tissue on the microscopic and mesoscopic scales can be accessed by modelling diﬀusion MRI
signals, with the aim of extracting microstructure-speciﬁc biomarkers. The standard model (SM) of diﬀusion,
currently the most broadly adopted microstructural model, describes diﬀusion in white matter (WM) tissues by
two Gaussian components, one of which has zero radial diﬀusivity, to represent diﬀusion in intra- and extra-axonal
water, respectively. Here, we reappraise these SM assumptions by collecting comprehensive double diﬀusion
encoded (DDE) MRI data with both linear and planar encodings, which was recently shown to substantially
enhance the ability to estimate SM parameters. We ﬁnd however, that the SM is unable to account for data
recorded in ﬁxed rat spinal cord at an ultrahigh ﬁeld of 16.4 T, suggesting that its underlying assumptions are
violated in our experimental data. We oﬀer three model extensions to mitigate this problem: ﬁrst, we generalize
the SM to accommodate ﬁnite radii (axons) by releasing the constraint of zero radial diﬀusivity in the intra-axonal
compartment. Second, we include intracompartmental kurtosis to account for non-Gaussian behaviour. Third,
we introduce an additional (third) compartment. The ability of these models to account for our experimental
data are compared based on parameter feasibility and Bayesian information criterion. Our analysis identiﬁes
the three-compartment description as the optimal model. The third compartment exhibits slow diﬀusion with
a minor but non-negligible signal fraction (∼12%). We demonstrate how failure to take the presence of such a
compartment into account severely misguides inferences about WM microstructure. Our ﬁndings bear signiﬁcance
for microstructural modelling at large and can impact the interpretation of biomarkers extracted from the standard
model of diﬀusion.

1. Introduction

Over the last decade, there has thus been an exponentially increasing
interest in the interpretation of the dMRI signal in terms of tissue microstructure (Novikov et al., 2018a).
Due to diﬀusion, water molecules report on a local microstructure
which is coarse-grained on the scale of the diﬀusion length. Because the
measured dMRI signal stems from a large population of water molecules
residing in the imaging voxel, the microstructural information content
is subject to an additional averaging eﬀect. This entails an inevitable
loss of information, eliminating sensitivity to anything but the “eﬀective
parameters” inherent to diﬀusion models (Novikov et al., 2019). The
identiﬁcation of these parameters is at the core of microstructural modelling. Unfortunately, the typical dMRI signal, especially at low diﬀusion
weighting, is rather featureless which makes diﬀerent models diﬃcult to
discriminate in terms of their ability to ﬁt signals originating from tissue
(Yablonskiy and Sukstanskii, 2010). In practice, this substantially limits
the level of model complexity – and thereby microstructural ‘detail’ –

Diﬀusion weighted magnetic resonance imaging (dMRI) probes the
motion of water molecules in tissue on a time scale of tens of milliseconds. This corresponds to diﬀusion lengths on the order of micrometres,
commensurate with typical cell dimensions. Therefore, the dMRI signal
can be used to probe microstructural information, i.e., it can report on
structures on a scale three orders of magnitude below typical imaging
resolution. The prospect of obtaining such information is a driving force
in diﬀusion MRI, because it might provide access to information not
only available from surgical or post-mortem biopsies: Non-invasive, in
vivo biomarkers of cellular organization and neuroarchitectural changes
during human brain development and brain disorders, as well as sensitive tools to study human brain plasticity in real time and detect subtle
neurodegenerative disease changes much earlier than today (Assaf et al.,
2002; Falangola et al., 2013; Mac Donald et al., 2007; Sun et al., 2006).

∗

Corresponding author at: CFIN/MindLab and Dept. of Physics and Astronomy, Aarhus University, Nørrebrogade 44, building 1A, 8000, Aarhus C, Denmark
E-mail address: sune@cﬁn.au.dk (S.N. Jespersen).

https://doi.org/10.1016/j.neuroimage.2021.117849
Received 2 June 2020; Received in revised form 20 January 2021; Accepted 4 February 2021
Available online 12 February 2021
1053-8119/© 2021 Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)

J.L. Olesen, L. Østergaard, N. Shemesh et al.

NeuroImage 231 (2021) 117849

that can be robustly identiﬁed by parameter estimation (Jelescu et al.,
2016a; Novikov et al., 2018b). On the other hand, a robust but oversimpliﬁed model will inherently entail decreased speciﬁcity and bears
a risk of misinterpreting the extracted parameters. The true model is
characterized by correct identiﬁcation of the relevant degrees of freedom (Novikov et al., 2018a), and, matched with suﬃciently rich experimental data, it has enough complexity to adequately characterize
tissue, while still being applicable in practice.
In white matter tissue (WM), the most widely accepted current candidate for such a model is the so-called “standard model” of diﬀusion
(SM) (Novikov et al., 2019), an umbrella term for the most frequently
used class of models. The model represents axons as thin hollow cylinders, with water diﬀusion taking place within the axonal space as well
as around it, and with myelin acting as an otherwise invisible barrier
that ensures compartmentalization of the intra- and extra-axonal water
pools. Mathematically, WM tissue is therefore represented by a collection of ﬁbres, each with an intra- and extra-axonal Gaussian signal component parametrized by an axial and radial diﬀusivity. The intra-axonal
component has a so-called stick form with the radial diﬀusivity constrained to zero, whereas the extra-axonal component is represented by
an ellipsoid. The SM is popular because it generally accounts well for signals obtained from dMRI experiments, but several challenges and open
questions also remain (Henriques et al., 2019; Novikov et al., 2019). One
challenge is that the model contains a parameter degeneracy which, for
typical low 𝑏 dMRI data, means that one cannot distinguish whether
∥
∥
the intra-axonal diﬀusivity 𝐷𝑎 is larger than the extra-axonal 𝐷𝑒 or vice
versa (Jelescu et al., 2016a; Novikov et al., 2018b). We refer to these sce∥
∥
∥
∥
narios as the plus (𝐷𝑎 > 𝐷𝑒 ) and minus (𝐷𝑎 < 𝐷𝑒 ) branches. While both
alternatives have been justiﬁed, the majority of studies have pointed to
intra-axonal diﬀusivity as being the larger (Dhital et al., 2019, 2018;
Jespersen et al., 2018; Kunz et al., 2018; McKinnon et al., 2018); see
however (Fieremans et al., 2011; Lampinen et al., 2020). It has recently
been proposed to overcome this challenge by harnessing more advanced
diﬀusion encoding paradigms (Coelho et al., 2019; Dhital et al., 2019;
Lampinen et al., 2020; Ramanna et al., 2020; Reisert et al., 2019). For
instance, planar double diﬀusion encoding (DDE) (Shemesh et al., 2016)
provides orthogonal information relative to conventional linear single
diﬀusion encoding (SDE), and it was recently demonstrated that combining SDE and DDE substantially reduces the degeneracy of the SM
relative to using SDE only (Coelho et al., 2019; Reisert et al., 2019).
Another debated aspect of the SM is whether the two compartment assumption is an oversimpliﬁcation. Additional compartments are
not typically included in WM microstructural models (Novikov et al.,
2019), but early studies did report ex vivo observations of an additional very slowly diﬀusing water pool (Assaf and Cohen, 2000, 1998a;
Pfeuﬀer et al., 1999; Stanisz et al., 1997). This so-called ‘dot’ compartment is included as a simple signal oﬀset, or an isotropic signal (ball)
with small diﬀusivity capturing the behaviour of highly restricted water. The biophysical modelling of this was pioneered by (Stanisz et al.,
1997), who modelled it with a ball compartment and proposed it to
correspond to glial cells. Multiple more recent ex vivo studies have
also found its inclusion necessary for an accurate data description
(Alexander et al., 2010; Kroenke et al., 2006; Panagiotaki et al., 2012;
Veraart et al., 2020; Williamson et al., 2019), as have some in vivo studies (Ferizi et al., 2014; Zeng et al., 2018). Proposed sources for the dot
compartment include glial cells, non-parallel ﬁbres, organelles, membrane bound water or other sub-cellular structures (Alexander et al.,
2010; Assaf and Cohen, 2000; Panagiotaki et al., 2012; Stanisz et al.,
1997; Williamson et al., 2019; Zeng et al., 2018), but its microstructural origin remains unknown. However, recent in vivo studies of human WM eliminated contributions from non-parallel ﬁbres and any partially restricted water pool by employing isotropic diﬀusion weighting
or powder averaging, and found the upper limit on the signal fraction
originating from a hypothetical dot compartment to be below 1% in
WM (Dhital et al., 2018; Tax et al., 2020; Veraart et al., 2019). This
does, however, still leave the possibility of a small-diﬀusivity compart-

ment (Tax et al., 2020), perhaps arising from cell bodies (Palombo et al.,
2020).
The SM assumes Gaussian diﬀusion in each microstructural compartment, and thereby requires experiments to be in the limit of long diﬀusion times where diﬀusion is time-independent (Novikov et al., 2019).
However, multiple studies have demonstrated that diﬀusion in neural
tissue does depend on diﬀusion time, even at the diﬀusion times typical of clinical MR systems (Aggarwal et al., 2012; De Santis et al.,
2016; Fieremans et al., 2016; Horsﬁeld et al., 1994; Jespersen et al.,
2018; Kershaw et al., 2013; Kunz et al., 2013; Lee et al., 2020b,
2018; Portnoy et al., 2013; Pyatigorskaya et al., 2014; Shemesh, 2018;
Van et al., 2014; Wu et al., 2014). These ﬁndings suggest a non-zero
intracompartmental kurtosis in at least one compartment, and that the
SM, in principle, should be extended to take this into account. However,
the resulting increase in model complexity generally makes this diﬃcult
in the absence of rich additional data.
In this study, we explore features of the dMRI signal beyond those
identiﬁed by the SM. We do this by considering three model extensions:
non-zero intra-axonal radial diﬀusivity, intracompartmental kurtosis,
and an additional compartment. To this end, we acquired an extensive
dMRI dataset using ﬁxed rat spinal cord (SC) and a DDE based protocol to combine linear and planar encoding. The resultantly increased
information content is not only beneﬁcial for parameter estimation in
general, but crucially allows us to robustly evaluate models far beyond
the SM.
We evaluated the SM and the extended models based on their agreement with the data and the physical soundness of their parameter values
and found the dataset to be incompatible with the two-compartment SM.
However, a sensible description is obtained by including a third compartment with small diﬀusivity. While the speciﬁc source is not identiﬁed, crossing ﬁbres can be excluded. Furthermore, we demonstrate that
failing to take the additional compartment into account can severely affect microstructure inference. Indeed, while we present results in favour
of the intra-axonal diﬀusivity exceeding the extra-axonal one, blindly
invoking the two-compartment SM leads to the opposite conclusion.
Finally, we discuss our ﬁndings potential implications for future microstructural imaging.
2. Theory
2.1. The standard modelling framework
The SM describes diﬀusion in WM by two signal components
(Novikov et al., 2019), one of which has zero radial diﬀusivity and thus
is solely described by its axial diﬀusivity and signal fraction – a so-called
stick compartment (Jespersen et al., 2007; Kroenke et al., 2004) – and
one which is described by both a radial and axial diﬀusivity (an ellipsoid
compartment). The ﬁrst component in the model represents water with
highly anisotropic diﬀusion and is thought to comprise mainly intraaxonal water, although it may include contributions from other cellular
structures that exhibit similar features, such as astrocytic processes. The
second component captures the behaviour of the extra-cellular water as
well as water inside cell bodies. Any residual signal contributions which
cannot ﬁt into these two categories are considered small and negligible
(Duval, 2016; Palombo et al., 2020).
The two SM compartments are organized in non-communicating ﬁbre segments that only diﬀer by orientation (i.e., their diﬀusion tensor
eigenvalues are identical). Within each segment, the two compartments
are assumed to be non-exchanging and display Gaussian diﬀusion. Note
however, that the total signal from each compartment after summing
over all ﬁbres is not Gaussian. For a sequence of gradient pulse pairs
with directions 𝒈̂ 𝑖 and diﬀusion weightings 𝑏𝑖 , the signal contribution
from a ﬁbre with orientation 𝒏̂ depends on the projections 𝜀𝑖 ≡ 𝒈̂ 𝑖 ⋅ 𝒏̂
and is given by the response kernel  (Novikov et al., 2019)
) ∑ ∏
(
[ (
) ]
 𝑏1 , 𝜀1 , … =
𝑓𝛼
exp −𝑏𝑖 𝐷𝛼⊥ + (𝐷𝛼∥ − 𝐷𝛼⊥ 𝜀2𝑖
(1)
𝛼

2

𝑖
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where 𝑓𝛼 is the signal fraction of compartment 𝛼 and 𝐷𝛼 and 𝐷𝛼⊥ are
its axial and radial diﬀusivities respectively. The ﬁbres are distributed
according to an orientation distribution function (ODF) 𝑃 (𝒏̂ ), and the
signal can therefore be expressed as a spherical convolution between
𝑃 (𝒏̂ ) and the ﬁbre response Eq. (1). We employ DDE and therefore incorporate two gradient pulse pairs whereby the signal becomes
(
)
(
)
𝑆 𝑏1 , 𝒈̂ 1 , 𝑏2 , 𝒈̂ 2 = ∫ 𝑑 𝒏̂ 𝑃 (𝒏̂ ) 𝑏1 , 𝜀1 , 𝑏2 , 𝜀2 .
(2)
∥

(Olesen et al., 2019b). Furthermore, axons exhibit beading and undulations (Abdollahzadeh et al., 2019; Lee et al., 2019; Nilsson et al., 2012;
Schilling et al., 2016, 2018), both of which increase the apparent radial
diﬀusivity (Brabec et al., 2020; Lee et al., 2020a; Nilsson et al., 2012).
To accommodate such anatomical information, the SM can be modiﬁed
by exchanging the stick compartment with an ellipsoid (𝐷𝑎⊥ > 0).
2.3. Non-Gaussian compartments

While this expression always holds in the case of Gaussian compartments, we note that it generally requires that the mixing time between
pulses is long enough to ensure that diﬀusion is independent across encodings (Jespersen, 2012). Experimental ﬁndings indicate that this is
fulﬁlled in practice at mixing times on the order of 10 ms and longer
(Henriques et al., 2020; Ianuş et al., 2018; Shemesh, 2018; Shemesh and
Cohen, 2011). While we adhere to the Eqs. 1 and 2 versions of the standard model framework here, we note that other closely related versions
not captured by these equations exist. For example, in (Jespersen et al.,
2010; McKinnon et al., 2018; Palombo et al., 2020), the extra-axonal
compartment is not organized according to the ﬁbre ODF, but included
as a single Gaussian compartment characterized by an independent diffusion tensor.
The lack of water exchange is believed to be justiﬁed in WM at
and below typical diﬀusion timescales employed in (pre)clinical systems
(∼100 ms) presumably because the intra- and extra-axonal compartments are separated by myelin, which itself is eﬀectively invisible at the
timescales typical of our experiments due to its short T2 (MacKay et al.,
1994). A recent study suggests residence times on the order of 0.5 s even
for unmyelinated axons (Yang et al., 2018), and experiments investigating the signal behaviour in the large b-value limit strongly support
the notion of non-exchanging axons in brain WM (Moss et al., 2019;
Veraart et al., 2019). In contrast, fast exchange between the remaining
compartments (glial cells and extra-cellular space) is possibly mediated
by aquaporins, the water channel proteins involved in water transport
across the cell membrane of glial cells, but which are absent in neurons
(Manley et al., 2004).
The assumption of Gaussian diﬀusion holds when the diﬀusion time
is long enough for the spins to sample a suﬃciently large portion of
the local cellular environment to “coarse-grain” any structural variability within each compartment (Novikov et al., 2019; Novikov and Kiselev, 2010), resulting in zero intracompartmental kurtosis. Furthermore,
the individual components, e.g. axons, belonging to the same compartment should be near identical so that variability in their diﬀusion characteristics does not contribute to the kurtosis. This also applies across
ﬁbre segments and is required to justify the use of a single ODF. Support for this was recently provided in extensive in vivo diﬀusion data
(Christiaens et al., 2020). In general, however, the validation of standard model assumptions is lacking and the range of validity is not fully
established (Henriques et al., 2019; Olesen et al., 2019a; Veraart et al.,
2020).

The strong gradients that can be employed ex vivo make it possible to achieve high b-values and short diﬀusion time simultaneously.
Although advantageous for model ﬁtting, this potentially undermines
the assumption of Gaussian diﬀusion, because the Gaussian regime may
then not have been reached, and the contribution from the resultantly
non-zero kurtosis term increases linearly with 𝑏 relative to that of the
diﬀusivity. Time dependent diﬀusion is a marker for non-Gaussianity
which has been observed in WM at both pre-clinical and clinical time
scales (Aggarwal et al., 2012; Assaf and Cohen, 1998b; Bar-Shir and Cohen, 2008; De Santis et al., 2016; Fieremans et al., 2016; Horsﬁeld et al.,
1994; Jespersen et al., 2018; Kershaw et al., 2013; Kunz et al., 2013;
Lee et al., 2018, 2020b; Portnoy et al., 2013; Pyatigorskaya et al., 2014;
Van et al., 2014; Wu et al., 2014). This suggests non-zero intracompartmental kurtosis in at least one compartment, and most likely both the
intra- and extra-axonal compartments: transverse to the main ﬁbre direction, the time dependence has been shown to mainly arise from the
extra-axonal space due to the random packing of axons (Burcaw et al.,
2015; Fieremans et al., 2016; Lee et al., 2018). In the parallel direction,
while both the extra- and intra-axonal water likely contribute, recent
simulations in realistic axon geometries indicate that beading in particular causes at least the intra-axonal axial kurtosis to be substantial even
at clinical time scales (Lee et al., 2020b).
The results above suggest that the SM should, at least in principle, be
extended to take non-Gaussian diﬀusion into account in both compartments. While this is infeasible in most applications due to the amount
of data required to detect such eﬀects, the extensive acquisition in this
study makes it possible to do so by directly modifying the ﬁbre response
kernel in Eq. (1). Because the axon ﬁbres are assumed to be axially symmetric, the kurtosis in each compartment can be parametrized by three
scalars: 𝑊 ∥ , 𝑊 ⊥ , 𝑊̄ (Hansen et al., 2016)
(
[ (
(
) )
) ∑ ∏
 𝑏𝑖 , 𝜀𝑖 , … =
𝑓𝛼
exp −𝑏𝑖 𝐷𝛼⊥ + 𝐷𝛼∥ − 𝐷𝛼⊥ 𝜀2𝑖
𝛼

𝑖

)]
1 (
+𝑏2𝑖 𝐷̄ 𝛼2 𝑊𝛼(0) + 𝑊𝛼(1) 𝜀2𝑖 + 𝑊𝛼(2) 𝜀4𝑖 .
6
𝑊𝛼(0) = 𝑊𝛼⊥ ,

2.2. Diﬀusion in ﬁnite-width axons

(3)

(4)

𝑊𝛼(1) =

)
3( ̄
5𝑊𝛼 − 𝑊𝛼∥ − 4𝑊𝛼⊥ ,
2

(5)

𝑊𝛼(2) =

)
1(
10𝑊𝛼⊥ + 5𝑊𝛼∥ − 15𝑊̄ 𝛼 .
2

(6)

In the most general axially symmetric case, kurtosis therefore requires three additional parameters per compartment, doubling the number of kernel parameters. However, this can be reduced with the simplifying assumption that diﬀusion in the axial and transverse directions
are independent as is for instance the case for parallel cylinders. Then,
𝑊̄ becomes dependent on 𝑊 ∥ and 𝑊 ⊥
(
)
1
8
𝑊̄ =
(7)
𝑊∥+ 𝑊⊥ .
5
3

The SM represents the intra-axonal space by zero-width cylinders,
but this may not apply to SC WM due to its much larger axon diameters, averaging up to 5 μm in rat SC (Dula et al., 2010; Nunes et al.,
2017; Xu et al., 2014), relative to brain WM (Grussu et al., 2019). A
recent study suggests that even brain axons can be characterized by a
ﬁnite width within feasible experimental settings (Veraart et al., 2020).
Therefore, we expect to be sensitive to the intra-axonal radial diﬀusivity (Nilsson et al., 2017). Consider for example diﬀusion of water
(37 ᵒC) in an inﬁnite cylinder of 3 μm diameter: using the van Gelderen
formula (Van Gelderen et al., 1994) for the sequence timings employed in this study, the radial diﬀusivity would be approximately
0.017 μm2 /ms. This results in a signal attenuation of 16% at a bvalue 10 ms/μm2 , signiﬁcantly above the noise level for an SNR = 50
as the data employed here, and hence a source of bias if neglected

Thereby we require only two additional parameters per compartment. Notably, while the representation of axons as perfect cylinders is
prevalent, the level of departure from Eq. (7) in realistic axons is unknown. To simplify further, the radial kurtosis term can be neglected
in the intra-axonal compartment; it contains an additional diﬀusivity
factor relative to the radial diﬀusivity term, which is already small, and
3
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Fig. 1. A graphical representation of the considered models, which diﬀer only in their ﬁbre response kernels ; in all cases, the voxel signal is evaluated as a spherical
convolution of the kernel with the ﬁbre distribution function P. Thereby, the models account for the presence of ﬁbres with varying orientation. The diﬀusion in
each of these ﬁbres, however, is identical and dictated by .

thus its eﬀect on the signal is likely also small. Indeed, using a 2D Monte
Carlo diﬀusion simulation for water in a 3 μm cylinder and the same sequence timings as those used in this study, we ﬁnd that the contribution
of the radial kurtosis to the signal exponent remains less than 1% of
that of the diﬀusivity even at the maximum b-value of 10 ms/μm2 . By
neglecting it, the number of additional parameters required to include
kurtosis in the SM is reduced to three. In terms of parameter count, it is
thus equivalent to adding one additional ellipsoid compartment.

3.2. Model comparison
Apart from physical soundness of the model parameter estimates, we
compare the models based on their Bayes Information Criterion (BIC)
(Schwarz, 1978). In the context of least-squares ﬁtting, the intuition is
that models which explain more signal variance without introducing
too much complexity (i.e., ﬁtting the noise) are preferable. The BIC difference between two models weights the change in residual variance
against the diﬀerence in the number of parameters as
(
)
SSE2
𝐵 𝐼 𝐶2 − 𝐵 𝐼 𝐶1 = 𝑘2 − 𝑘1 ln 𝑁 + 𝑁 ln
.
SSE1

3. Methods

(8)

Here, SSE𝑖 and 𝑘𝑖 is the residual variance and number of parameters,
respectively, of model 𝑖 and 𝑁 is the number of data points. Recommendations for model selection suggest a BIC diﬀerence larger than 6 to be
strong evidence for one model over the other (Kass and Raftery, 1995).
In the following, we therefore prefer model 2 if the BIC diﬀerence in
Eq. (8) is more negative than than -6, while model 1 is preferred if the
diﬀerence is larger than 6. To be conservative, we consider model extensions which produce a change in BIC smaller than 6 to have inadequate
evidence.
A common alternative choice is the Akaike information criterion
(AIC) (Akaike, 1974) which diﬀer from BIC by penalizing the number of
parameters by a factor 2 instead of ln 𝑁. BIC was chosen here because
it is more conservative, or more prone to underﬁtting relative to AIC,
which similarly is more prone to over ﬁtting. This is appropriate for
this study because we consider false rejection of a simpler model more
severe than the reverse case.

3.1. Models
We consider ﬁrst the contemporary SM, and then extend it. In total,
we consider four models; they diﬀer in the parametrization of their ﬁbre
response kernels as graphically summarized in Fig. 1.
To accommodate the possibility of a ﬁnite intra-axonal radial diﬀusivity, we extend the stick compartment to an ellipsoid by releasing the
constraint on its radial diﬀusivity to be zero. Then, both compartments
are ellipsoids and therefore we refer to this model as the two-ellipsoid
model.
With the two-ellipsoid model as a starting point, we investigate an
extended model with a third compartment. The rich dataset acquired in
this study enables us to take an exploratory approach by including such
a hypothetical compartment without any constraints on its diﬀusivities.
This amounts to one additional ellipsoid compartment in addition to
the two-ellipsoid model, and we will therefore refer to it here as the
three-ellipsoid model.
As yet another extension of the two-ellipsoid model, we allow for
non-Gaussian compartments by including intracompartmental kurtosis.
This is done in a simpliﬁed manner, consistent with the representation
of axons as straight thin cylinders with 𝑊̄ constrained by Eq. (7) in both
compartments, and with zero radial kurtosis in one compartment. We
refer here to this model as the non-Gaussian two-ellipsoid model.

3.3. Parameter estimation
The numerical framework used for calculating the model signals is
detailed in Appendix B. It is based on expanding the kernel in Legendre
polynomials and the ODF in spherical harmonics. In addition to the kernel parameters introduced above, model parameters thus include ODF
4
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Fig. 2. Upper left panel: average signal at b = 0. Markers each represent the centre voxel of a 3x3 region of interest (ROI) placed within a major WM tract. The
ROIs are placed within the (Schwartz et al., 2005): vestibulospinal tract (VST), reticulospinal tract (ReST), spinothalamic tract (STT), rubrospinal tract (RST), gracile
fasciculus (FG), cuneate fasciculus (FC), and the dorsal corticospinal tract (dCST). Upper right: fractional anisotropy determined by standard DTI on the b< 3 ms/μm2
data subset. Lower panels: data and ﬁt examples for subset of data in VST and dCST ROI centre voxels consisting of the direction parallel to the spinal cord (SC) for
linear encoding and a perpendicular direction for both linear and planar encoding. Note that the full dataset contains many more directions (64). Solid, dashed, and
dotted lines depict the two-compartment standard model, three-ellipsoid model, and non-Gaussian two-ellipsoid model ﬁts respectively. The VST and dCST ROIs are
shown here because they are respectively in the highest and lowest SNR regions.

coeﬃcients 𝑝𝑙𝑚 . Furthermore, the signal expression will contain a sum
over spherical harmonic orders 𝑙 which must be truncated at some value
𝑙𝑚𝑎𝑥 in practice. This value should be as small as possible to reduce the
number of ODF parameters but not so small that it compromises the desired accuracy of the signal representation. Due to high anisotropy in
the acquired data, we use a value as high as 𝑙𝑚𝑎𝑥 = 10. We arrived at
this by ﬁtting with incrementally higher 𝑙𝑚𝑎𝑥 until it could no longer be
supported by a decrease below -6 in BIC in the majority of voxels. This
was done for both the two- and three-ellipsoid models producing the
same result. However, while a high 𝑙𝑚𝑎𝑥 was required to accurately ﬁt
the signal, we note that increasing 𝑙𝑚𝑎𝑥 above four had little eﬀect on
the kernel parameter estimates. Our speciﬁc choice is thus unlikely to
aﬀect the results.
Model parameters were estimated by non-linear least-squares ﬁtting
using variable projection (Fadnavis et al., 2019; Farooq et al., 2016;
Golub and Pereyra, 2003) to reduce the ODF estimation to a linear ﬁtting problem (see appendix A). The ODF coeﬃcients were constrained to
their maximum (or minimum if negative) mathematically possible values |𝑝𝑙𝑚 | ≤ max |𝑌𝑙𝑚 (𝒏̂ )|. Likewise, the signal fractions were constrained
to be positive and sum to one. In contrast, the diﬀusivity and kurtosis
parameters were not constrained and thus allowed to potentially converge to unphysical values. This serves as an indicator of incompatibility
between the model and the data.
In the case of the SM, an initial guess for the kernel parameters in
each branch was obtained by moment-matching (Novikov et al., 2018b).
Speciﬁcally, an axial DKI representation (Hansen et al., 2016) was used

to estimate the SM parameters of both branches with the ﬁbre ODF restricted to a Watson distribution. This procedure is described in detail
in (Jespersen et al., 2018). Then, a full ﬁt was carried out identifying a
local minimum for each branch. In the following, we will refer to these
as the LEMONADE minima.
The ﬁt of the two-ellipsoid model was initialized with each of the
LEMONADE minima. The initial value for the additional diﬀusivity was
set to zero as it is expected to be small. Likewise, the LEMONADE minima were used to initialize the three-ellipsoid and non-Gaussian twoellipsoid model. The initial values of the extra model parameters were
set to a common value in all voxels. The speciﬁc initial values were determined by trial and error to make all voxels converge to the desired
minimum.
To investigate the possibility that the minimum arrived at was not
global, each model was ﬁtted to the signal in each of seven voxels placed
in diﬀerent major WM tracts (see Fig. 2) using 1000 random initializations. In all cases, no lower minimum was identiﬁed.
3.4. Data acquisition
We performed a DDE acquisition on one rat spinal cord as described
below and repeated the experiment on two rat spinal cords with halved
repetition time to reduce experimental time at the cost of SNR (see appendix A for details). In the main text, we provide an in depth analysis
of the ﬁrst dataset. We use the secondary datasets to demonstrate reproducibility of the main results.
5
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Fig. 3. The upper panels show the ratio of the sum of squared errors (SSE) of the standard model plus and minus branch minima obtained from ﬁtting to the full
dataset. The few voxels with a SSE ratio of 1 are instances of both ﬁts converging to the same minimum. The lower panels show the SSE (relative to the lowest
minimum) as a function of D∥a for the centre voxels in highest (VST) and lowest (dCST) SNR WM tract ROIs. The SSE is determined by ﬁxing D∥a and ﬁtting for the
optimum in the remaining parameters. Thereby, a one-parameter path of least resistance in terms of SSE through the ﬁtting landscape is obtained. Only the subset
of the data with b< 3 ms/𝜇m2 was used in order to depict the typical plus, minus branch minima clearly. The blue and red colours mark the use of only linear, and
both linear and planar, respectively.

in the plane normal to the direction) encodings were performed resulting in a total of 128 images for each shell. In addition, one image per
shell was acquired without diﬀusion weighting for the purpose of drift
correction. Total scan time was 60 hours.
The noise level was estimated from the mean signal value in a tissue
free region and indicated a WM SNR of at least 50. The data was then
corrected for Rician bias using the inversion technique in (Koay and
Basser, 2006). The data was also corrected for drift using rigid coregistration with the imregister MATLAB function (The MathWorks, Natick,
USA). Lastly, a linear drift in signal magnitude was compensated in each
voxel by linearly ﬁtting to the zero-diﬀusion-weighted signal and correcting according to the slope (Vos et al., 2017).
Because our study focuses on WM modelling, grey matter voxels were
masked to reduce the computation time of subsequent analyses. The
WM was manually delineated, and the resulting WM mask is shown in
Fig. 2 along with example data.

Each rat spinal cord was extracted via transcardial perfusion with 4%
Paraformaldehyde (PFA). After their extraction, spinal cords were immersed in a 4% PFA solution for 24 h, and then washed in a PhosphateBuﬀered Saline (PBS) solution for 48 h. The specimens were then placed
in a 5 mm NMR tube ﬁlled with Fluorinert (Sigma Aldrich, Lisbon, PT),
secured with a stopper from above to prevent ﬂoating, and the NMR tube
was sealed using paraﬃn ﬁlm. The samples were kept at 37 ᵒC during
imaging in a 16.4 T Bruker Aeon Ascend scanner (Bruker, Karlsruhe,
Germany) with a 5 mm birdcage coil mounted on a micro5 probe with
gradients capable of producing up to 3 T/m in all directions. Following 2 h of temperature equilibration and imaging adjustments, a single
slice was acquired using a DDE pulse sequence written in-house, with
an EPI readout (single shot, 2.68 kHz bandwidth). The ﬁeld of view was
6x6 mm2 , matrix size 70x70, in-plane resolution 86x86 μm2 , slice thickness 1 mm, partial Fourier ﬁlling 25%, TR = 3 s, TE = 42 ms, with four
averages. The diﬀusion encoding was carried out with gradient separation 10 ms, gradient pulse width 1.25 ms, and mixing time 10 ms.
Forty-one b-shells were linearly spaced from 0 to 10 ms/μm2 with an
increasing number of repetitions: one repetition was used for shells in
the interval [0;3 [ms/μm2 , two repetitions for [3;6 [ms/μm2 , four for
[6;8 [ms/μm2 , and eight for [8;10 [ms/μm2 . The lowest b-value was 0.1
ms/μm2 to crush unwanted coherence pathways. Sixty-four directions
were acquired on each shell and for each of those, both linear (two
pulses parallel to the direction) and planar (two perpendicular pulses

4. Results
4.1. The standard model
Apart from a few spurious voxels, we generally ﬁnd the two minima
of the SM to be well separated, resulting in smooth and distinct parameter maps. The minima’s ﬁt quality are compared in Fig. 3 through
6
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Fig. 4. Parameter estimates of the standard
model with a row for each compartment and
a column of each kernel parameter. The colour
ranges are chosen to span 95% of voxels.

Table 1
Mean parameter estimates for the standard model in the WM tract ROIs.
Diﬀusivities are given in units of μm2 /ms. The standard deviation over ROI
voxels is shown in parenthesis.

VST
ReST
STT
RST
FG
FC
dCST

𝑓1

𝐷1∥

𝐷1⊥

𝑓2

𝐷2∥

0.88(0.01)
0.87(0.01)
0.85(0.02)
0.87(0.01)
0.86(0.04)
0.90(0.01)
0.81(0.05)

1.92(0.08)
2.02(0.07)
2.04(0.05)
1.88(0.04)
1.94(0.11)
2.03(0.08)
1.89(0.11)

0.22(0.02)
0.12(0.01)
0.12(0.02)
0.13(0.01)
0.08(0.01)
0.11(0.01)
0.12(0.04)

0.12(0.01)
0.13(0.01)
0.15(0.02)
0.13(0.01)
0.14(0.04)
0.10(0.01)
0.19(0.05)

0.23(0.03)
0.33(0.06)
0.36(0.05)
0.21(0.04)
0.38(0.13)
0.24(0.04)
0.38(0.11)

(e.g., in the fraction maps the right-hand-side exhibit much higher values, while the parallel diﬀusivity of the extra-axonal component seems
much lower on the right-hand-side). The asymmetry is not model speciﬁc since it persists throughout the considered models. It is also visible
in the FA map in Fig. 2. The raw data shows no signs of strong directional
artifacts (e.g., ghosts, eddy current eﬀects, etc.) indicating the asymmetry to be intrinsic to the tissue. We therefore believe the peculiarity is
speciﬁc to the sample and probably due to ﬁxation related tissue damage
in the upper right region. This is supported by the secondary datasets
presented in appendix A, which shows diﬀerently located or no asymmetry. Furthermore, we previously analysed data from another rat SC
imaged with SDE (𝑏𝑚𝑎𝑥 = 9 ms/μm2 , pulse seperation/width: 45/2 ms)
without any obvious asymmetry and reported results similar to those
reported here (Olesen et al., 2019a). This suggests that the artifact does
not aﬀect the conclusions of this study.

their SSE ratio. This quantity reﬂects the diﬀering levels of model misspeciﬁcation between the two minima, but also depends on the SNR (for
example, the minima cannot be discriminated if the SNR is too low, leading to SSEminus ∕SSEplus → 1). We note that in Fig. 3, the ratio’s spatial
variation can likely be attributed to varying 𝑆0 more so than a varying degree of misspeciﬁcation, because the spatial pattern is inverted
relative to that of 𝑆0 (see Fig. 2). In a few voxels, the ﬁt converges to
the minus branch minimum even from the plus branch initial guess and
therefore yields a SSE ratio of one. In the remaining voxels, the minus
branch minimum consistently ﬁts the data better with a SSE ratio around
50% and mostly below 80%. In comparison, using only the linear data
yields less stable maps (not shown) with voxels converging to diﬀering
competing minima. This underscores the beneﬁt of combined linear and
planar encoding (Coelho et al., 2019; Reisert et al., 2019). Using only
the subset of data with 𝑏< 3, we obtain a typical two-minima SM ﬁtting
landscape: this is depicted in Fig. 3, illustrating the beneﬁt of combined
encodings at low diﬀusion weighting.
The resulting SM parameters are shown in Fig. 4. It contains only the
∥
∥
minus branch (𝐷𝑎 <𝐷𝑒 ) parameters because they produced the lower
minimum and, moreover, fell within physical ranges. By contrast, the
plus branch minimum ﬁtted the data less well and produced intra-axonal
axial diﬀusivity values exceeding the free diﬀusivity of water of approx. 3 μm2 /ms (Holz et al., 2000) in most voxels. The minus branch
minimum describes a signal dominated by an extra-axonal signal contribution (median signal fraction: 86%), which exhibits fast diﬀusion,
while the intra-axonal contribution is small and exhibits slow diﬀusion. Parameter estimates in the major WM tracts are summarized in
Table 1.
A noticeable asymmetry between the SC’s right and left aspects is evident in Fig. 4. In particular, the ReST and RST tracts appear asymmetric

4.2. The two-ellipsoid model
Parameter maps for the two-ellipsoid model are shown in Fig. 5. Because the two compartments are both ellipsoidal, the model contains
one additional but trivial degeneracy, namely invariance under interchange of the compartments’ parameter values. Therefore, we relabel
the compartments according to their parameters after ﬁtting. With this
taken into account, the ﬁtting converges to the same minimum when
initialized from either LEMONADE minima, so only one set of maps is
shown. Initializing randomly in the ROI voxels reveals no additional
minima with comparable ﬁt quality.
Parameter estimates in each WM tract ROI are summarized in
Table 2. Overall, the parameter estimates of the two-ellipsoid model are
similar to those of the LEMONADE minus branch if compartment one
and two are associated with the extra- and intra-axonal compartment,
respectively. As such, the signal mainly originates from the extra-axonal
compartment (median 𝑓 = 0.89,𝐷∥ , 𝐷⊥ = 1.86, 0.15 μm2 /ms) and only
has a minor contribution from the intra-axonal compartment (median
𝑓 = 0.11,𝐷∥ , 𝐷⊥ = 0.29, −0.022 μm2 /ms). However, the intra-axonal
radial diﬀusivity is found to be negative and thus unphysical in the vast
majority of voxels. It is evident from the smooth appearance of the parameter maps that this is not caused by noise (the mean error estimated
from the standard deviation in the WM tract ROIs is 0.012 μm2 /ms).
The results suggest that the model is being applied outside of its validity area: at its median value, the negative diﬀusivity corresponds to an
increase of 25% in the compartment’s signal from 𝑏 = 0 to 10 ms/μm2
transverse to each ﬁbre.
7
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Fig. 5. Parameter estimates of the twoellipsoid model with a row for each compartment and a column of each kernel parameter.
The colour ranges are chosen to span 95% of
voxels.

Table 2
Mean parameter estimates for the two-ellipsoid model in the WM tract ROIs. Diﬀusivities
are given in units of μm2 /ms. The standard deviation over ROI voxels is shown in parenthesis.

VST
ReST
STT
RST
FG
FC
dCST

𝑓1

𝐷1∥

𝐷1⊥

𝑓2

𝐷2∥

𝐷2⊥

0.89(0.01)
0.90(0.01)
0.90(0.01)
0.89(0.02)
0.91(0.01)
0.90(0.01)
0.87(0.01)

1.89(0.05)
1.88(0.03)
1.85(0.02)
1.81(0.04)
1.79(0.02)
2.01(0.07)
1.71(0.04)

0.22(0.02)
0.13(0.01)
0.13(0.02)
0.13(0.01)
0.09(0.01)
0.11(0.01)
0.12(0.03)

0.11(0.01)
0.10(0.01)
0.10(0.01)
0.11(0.02)
0.09(0.01)
0.10(0.01)
0.13(0.01)

0.22(0.02)
0.30(0.05)
0.31(0.03)
0.19(0.03)
0.33(0.05)
0.23(0.04)
0.32(0.07)

-0.01(0.01)
-0.03(0.01)
-0.05(0.01)
-0.02(0.02)
-0.05(0.01)
-0.00(0.01)
-0.03(0.01)

Comparing the model’s BIC to that of the original SM shows that the
additional transverse diﬀusivity explains enough additional variance to
be justiﬁed in 90% of voxels.

decreasing over the full range of b-values. The parameter estimates do
not fulﬁll this at high b-values, so despite resulting in diﬀusivities within
physical bounds, including kurtosis is not enough to fully eliminate the
unphysical behaviour.
Including kurtosis increases the explained variance substantially.
The decrease in BIC relative to the two-ellipsoid model is suﬃcient to
prefer the extended model in all WM voxels. The improved data description relative to the SM is illustrated in Fig. 2.

4.3. The non-Gaussian two-ellipsoid model
In the non-Gaussian two-ellipsoid model, the radial kurtosis is ﬁxed
at zero in only one compartment, so this model does not have the trivial
degeneracy of the two-ellipsoid model. It converges to distinct minima
depending on which LEMONADE minima initializes the ﬁt, but one minimum consistently has a better ﬁt quality. Additionally, because compartment two is associated with the intra-axonal water due to its neglected radial kurtosis term, a physical argument can be made that it
should also have the lowest radial diﬀusivity. This is the primary difference between the two minima and is also fulﬁlled for the one with
best ﬁt quality. For these reasons, we only consider that solution. Its
parameter maps are shown in Fig. 6, where we report the more familiar
metrics 𝐾 ∥ , 𝐾 ⊥ instead of 𝑊 ∥ , 𝑊 ⊥ .
Parameter estimates in each WM tract ROI are summarized in
Table 3. Comparing to the two-ellipsoid model, the overall microstructural interpretation is not changed by including kurtosis, since the signal fractions and diﬀusivities remain largely the same: a dominant
extra-axonal compartment with fast diﬀusion (median 𝑓 = 0.88,𝐷∥ ,
𝐷⊥ = 1.92, 0.16 μm2 /ms, 𝐾 ∥ , 𝐾 ⊥ = 0.22, 2.49) and an intra-axonal
compartment with slow diﬀusion (median 𝑓 = 0.12, 𝐷∥ , 𝐷⊥ = 0.26,
0.04 μm2 /ms, 𝐾 ∥ = 1.50). This is despite the estimated kurtosis values being quite large. A notable diﬀerence relative to the two-ellipsoid
model is that the intra-axonal radial diﬀusivity is now positive in almost all voxels. However, with kurtosis included, the parameters must
fulﬁll 𝐾(𝒈̂ )𝐷(𝒈̂ )𝑏 ≤ 3 for the compartment signals to be monotonously

4.4. Three-ellipsoid model
Fig. 7 shows parameter estimates for the three-ellipsoid model. This
model is invariant under interchange of any compartment pair’s parameters, and with this taken into account, initialization from either
LEMONADE solution results in convergence to equivalent minima. Despite the extensive data, having three compartments increases the variability in parameter estimates noticeably. This is especially pronounced
∥
in the 𝐷2 map which shows regions with isolated high values relative
to the neighbouring voxels. This can likely be attributed to the model
complexity combined with small violations of the model assumptions,
rather than abrupt microstructural changes as the maps would otherwise
suggest. Consistent with this notion, random initialization in the ROIs
yielded several other minima with similar but worse ﬁt quality, all with
at least one compartment with a negative or unreasonably high diﬀusivity (that is, exceeding the free diﬀusivity of water) and were therefore
disregarded.
Parameter estimates in each WM tract ROI are summarized in
Table 4. Overall, the parameter estimates are all within physical bounds
and suggest that the signal is described primarily by compartment one
and two. The ﬁrst compartment (median 𝑓 = 0.50, 𝐷∥ , 𝐷⊥ = 2.12,
8
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Fig. 6. Parameter estimates of the non-Gaussian two-ellipsoid model with a row for each compartment and a column of each kernel parameter. The colour ranges
are chosen to span 95% of voxels.
Table 3
Mean parameter estimates for the non-Gaussian two-ellipsoid model in the WM tract ROIs. Diﬀusivities are given in units of
μm2 /ms. The standard deviation over ROI voxels is shown in parenthesis.

VST
ReST
STT
RST
FG
FC
dCST

𝑓1

𝐷1∥

𝐷1⊥

𝐾1∥

𝐾1⊥

𝑓2

𝐷2∥

𝐷2⊥

𝐾2∥

0.88(0.02)
0.90(0.01)
0.92(0.02)
0.85(0.02)
0.88(0.02)
0.89(0.02)
0.86(0.03)

1.94(0.04)
1.89(0.03)
1.89(0.02)
1.93(0.04)
1.86(0.01)
2.07(0.06)
1.74(0.04)

0.25(0.01)
0.14(0.01)
0.14(0.02)
0.16(0.01)
0.10(0.01)
0.12(0.01)
0.13(0.03)

0.29(0.08)
0.17(0.06)
0.31(0.08)
0.15(0.07)
0.07(0.05)
0.18(0.05)
0.16(0.09)

1.75(0.14)
2.71(0.27)
2.94(0.23)
2.63(0.21)
4.21(0.36)
2.55(0.20)
2.90(0.42)

0.12(0.02)
0.10(0.01)
0.08(0.02)
0.15(0.02)
0.12(0.02)
0.11(0.02)
0.14(0.03)

0.18(0.03)
0.24(0.05)
0.24(0.08)
0.25(0.04)
0.38(0.06)
0.20(0.03)
0.33(0.11)

0.05(0.01)
0.02(0.01)
0.01(0.01)
0.04(0.01)
0.02(0.01)
0.04(0.01)
0.01(0.01)

1.82(0.42)
1.22(0.30)
1.24(0.86)
2.31(0.25)
1.26(0.15)
1.49(0.38)
1.15(0.23)

Table 4
Mean parameter estimates for the three-ellipsoid model in the WM tract ROIs. Diﬀusivities are given in units of μm2 /ms. The
standard deviation over ROI voxels is shown in parenthesis.

VST
ReST
STT
RST
FG
FC
dCST

𝑓1

𝐷1∥

𝐷1⊥

𝑓2

𝐷2∥

𝐷2⊥

𝑓3

𝐷3∥

𝐷3⊥

0.37(0.04)
0.59(0.02)
0.56(0.05)
0.52(0.03)
0.64(0.03)
0.54(0.12)
0.54(0.07)

2.66(0.15)
2.01(0.07)
2.05(0.04)
2.23(0.11)
1.90(0.05)
1.89(0.17)
1.63(0.13)

0.07(0.01)
0.06(0.01)
0.05(0.01)
0.05(0.00)
0.03(0.01)
0.05(0.01)
0.04(0.01)

0.50(0.04)
0.31(0.03)
0.33(0.04)
0.34(0.03)
0.25(0.03)
0.35(0.12)
0.33(0.06)

1.17(0.04)
1.43(0.15)
1.33(0.04)
1.03(0.04)
1.38(0.16)
2.34(0.71)
1.80(0.44)

0.48(0.07)
0.39(0.06)
0.39(0.04)
0.45(0.04)
0.40(0.09)
0.29(0.07)
0.35(0.10)

0.13(0.00)
0.11(0.01)
0.11(0.02)
0.14(0.01)
0.11(0.01)
0.11(0.02)
0.13(0.02)

0.13(0.00)
0.18(0.03)
0.18(0.02)
0.11(0.01)
0.20(0.03)
0.16(0.02)
0.20(0.03)

0.07(0.01)
0.04(0.01)
0.03(0.01)
0.05(0.00)
0.03(0.01)
0.05(0.00)
0.03(0.01)

0.052 μm2 /ms) has large anisotropy, reminiscent of a stick compartment, while compartment two (median 𝑓 = 0.38, 𝐷∥ , 𝐷⊥ = 1.21, 0.42
μm2 /ms) has moderate anisotropy. Both compartments exhibits moderately fast diﬀusion with similar mean diﬀusivity. This leaves a minor
signal contribution for the third compartment (median 𝑓 = 0.12, 𝐷∥ ,
𝐷⊥ = 0.16, 0.054 μm2 /ms) which exhibits slow diﬀusion with moderate anisotropy.
Again, consistently across all voxels, the decrease in BIC relative to
the two-ellipsoid model is suﬃcient (more than six) to justify the extension of an additional ellipsoid compartment. However, a similar comparison with the constrained non-Gaussian two-ellipsoid model does not

clearly favour one model over the other: the three-ellipsoid model is preferred in ∼49% of WM voxels while the non-Gaussian model is preferred
in ∼47% of voxels with no obvious anatomical pattern. The improved
data description relative to the SM is illustrated in Fig. 2 in two example
voxels, where it is also indicated that the signals of the three-ellipsoid
and non-Gaussian two-ellipsoid models are very similar.
4.4.1. Simpliﬁcation to a dot compartment
As an interesting side note, we ﬁnd that simplifying the third ellipsoid compartment to have zero diﬀusivity (i.e., making it a dot compartment) is suﬃcient to obtain qualitatively similar parameter estimates
9
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Fig. 7. Parameter estimates of the three-ellipsoid model with a row for each compartment and a column of each kernel parameter. The colour ranges are chosen to
span 95% of voxels.

to those obtained with the full three-ellipsoid model. This is shown in
Fig. 8: by initializing from either SM minimum, distinct minima are
identiﬁed. Their ﬁt quality are similar, but the minus branch minimum
remains unphysical while the parameter estimates of the plus branch
minimum are roughly similar to those obtained from the three-ellipsoid
model. Therefore, only parameters from the plus branch minimum are
shown. A notable diﬀerence is a reduction of the apparent axial diﬀusivity in compartment two; even to the point of resulting in an oblate
diﬀusion tensor for that compartment in some regions. Also, the signal
fraction of the third compartment is generally estimated to be lower
(median 𝑓 = 5%).
Relative to the simpliﬁed dot-compartment model, the full threeellipsoid model is justiﬁed based on BIC comparison across all voxels.
Nevertheless, the fact that including just a dot compartment is suﬃcient
to obtain roughly similar parameter estimates is valuable practical information, since ﬁtting the full three-ellipsoid model requires extensive
data.

lying assumptions require extensive validation in order for us to understand the biological, microstructural correlates of this information.
Our analysis of extensive dMRI data with combined linear and planar
encoding shows that the SM does not provide an adequate description
of SC WM ex vivo; the main ﬁnding of this study is that at least three
compartments are required to account for the data. Speciﬁcally, extending the SM stick compartment to an ellipsoid resulted in unphysical parameter estimates, revealing that a Gaussian two-compartment description is inadequate. Adding intracompartmental kurtosis was insuﬃcient
to fully eliminate the unphysical behaviour, whereas including a third
compartment resulted in parameter estimates within physical bounds.
5.1. Inadequacy of two Gaussian compartments
If one were to assume that the original SM is a good description of the
tissue, the results strongly suggest that diﬀusion in ﬁxed rat spinal cord
exhibits minus branch behaviour, with slow diﬀusion inside the axons
and fast diﬀusion in the extra-axonal space. This would challenge many
prior studies, which mostly found evidence favouring the plus branch,
with larger intra- than extra-axonal diﬀusivity (Dhital et al., 2019, 2018;
Jespersen et al., 2018; Kunz et al., 2018; McKinnon et al., 2018) with
exceptions being (Fieremans et al., 2011; Lampinen et al., 2020). However, as mentioned earlier, the SM has simplifying assumptions which
may cause bias if violated. Indeed, this is supported by our ﬁndings
which showed that signiﬁcantly more variance can be explained by introducing additional parameters. We therefore propose that the minus
branch is a spurious solution arising as a result of the SM missing essential degrees of freedom.
In SC, the modelling choice of axons as zero-width cylinders is likely
to be inadequate (Jespersen et al., 2018; Nunes et al., 2017; Ong et al.,
2008). The two-ellipsoid model addresses this by releasing the SM’s con-

5. Discussion
Accurate modelling of dMRI signals is necessary to access the information they hold about tissue’s cellular and subcellular organization –
and thereby unleash the full potential of MRI in the study of normal
brain development and the study and diagnosis of brain disorders. Microstructural modelling in white matter currently relies on the “standard
model” of diﬀusion, describing WM microstructure in terms of a stick
and an ellipsoid tensor compartment assumed to represent intra/extraaxonal spaces, respectively. While the SM has shown potential in providing new information about healthy and diseased WM (Jelescu et al.,
2016b; Khan et al., 2016; Vestergaard-Poulsen et al., 2011), its under10
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Fig. 8. Parameter estimates of the two-ellipsoid model with an added dot compartment. Parameters are organized with a row for each compartment and a column
of each kernel parameter. The colour ranges are chosen to span 95% of voxels.

straint of vanishing intra-axonal radial diﬀusivity. However, even with
this parameter released, the resulting two component SM solution turns
out to be unphysical, and from the smooth parameter maps as well as
the signiﬁcantly lower BIC value relative to the original SM, it is evident that this cannot be attributed to overﬁtting. Rather, it shows that
the signal has variance beyond what can be captured by a Gaussian
two-compartment description. We emphasize that because the SM is a
special case of the two-ellipsoid model, the failure of the latter cannot be
interpreted as the SM providing a better tissue description. Indeed, the
two-ellipsoid model would estimate the intra-axonal radial diﬀusivity to
be zero if the SM was the true signal model (Olesen et al., 2019a). In that
sense, application of the SM to the data merely obfuscates the problem
by forcing the ﬁt, while the two-ellipsoid model provides an indication
that the data is in fact incompatible with a Gaussian two-compartment
description given the unphysical nature of the extracted parameters.

It would be useful to compare the estimated values for kurtosis extracted from the extended model to the existing literature but it is very
sparse. From the estimated kurtosis tensor, the total intracompartmental
𝐾̄ can be calculated to be 𝐾̄ ≈ 0.68. This is compatible with reported values for intracompartmental 𝐾̄ in rat brain WM from a recent study employing DDE with similar sequence timings (Henriques et al., 2020). We
note however that the version of the novel intracompartmental kurtosis
imaging technique employed in that study is biased by higher order cumulants (Chuhutin et al., 2017; Ianuş et al., 2018). The intra-axonal ax∥
ial kurtosis of 𝐾𝑎 ≈ 1.50 is large compared to reported values of roughly
0.4 at 10 ms from recent diﬀusion simulations in realistic mouse brain
axons (Lee et al., 2020b). However, this discrepancy can possibly be explained by WM tissue diﬀerences between brain and SC, for example, the
larger axons in the latter, and potential intra-axonal obstacles not taken
into account in simulations. The comparison of kurtosis values with the
literature therefore does not detract from the constrained non-Gaussian
two-compartment model.
The three-ellipsoid model as an alternative is also consistently justiﬁed across voxels relative to the two-ellipsoid model based on BIC.
However, BIC comparison of the three-ellipsoid model against the constrained non-Gaussian two-ellipsoid model does not consistently point
to either of them. Judging instead from the plausibility of the parameter estimates, the three-ellipsoid model is the more likely candidate
because it yields a stick-like compartment (compartment one) with an
associated signal fraction around 50%, consistent with the expected values for intra-axonal water. Furthermore, in line with the literature, the
parameter estimates correspond to a plus branch type of solution, thus
reversing the microstructural interpretation suggested by all the twocompartment models here.

5.2. Beyond two Gaussian compartments
Including intracompartmental kurtosis increases the explained variance suﬃciently to justify the extension over the Gaussian two-ellipsoid
model. However, intracompartmental kurtosis is not enough to fully
eliminate the unphysical behaviour; possibly, even higher order moments are needed. In any case, the original signal fractions and diﬀusivities are only changed slightly, so the microstructural interpretation
is largely unaﬀected: the diﬀusion exhibits minus branch behaviour and
the intra-axonal signal fraction is unreasonably small. Apart from providing physical diﬀusivities, the model thus has the same issues as discussed above for two Gaussian compartments, and is therefore likely
inadequate as well.
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Even though the results support adding a third compartment over
including intracompartmental kurtosis, non-Gaussian diﬀusion can still
aﬀect the results of the three-ellipsoid model. To investigate the size of
this eﬀect, we attempted to extend the three-ellipsoid model with intracompartmental kurtosis by including the additional kurtosis parameters one by one and comparing the extensions based on their BIC difference. In this way, we ﬁnd that axial kurtosis should be included in
compartment one (intra-axonal), as should axial and radial kurtosis in
compartment two (extra-axonal), while compartment three should not
be extended (results not shown). Although intracompartmental kurtosis
in principle is expected, we ﬁnd that including kurtosis only has minor eﬀect on the estimates of the diﬀusivities and signal fractions, as
was the case for the two-ellipsoid model. Thus, limiting the analyses to
non-Gaussian compartments apparently does not substantially aﬀect the
overall microstructural interpretation for the experimental parameters
used in this study.

Fig. 9. Axon diameter estimated using the radial diﬀusivity of compartment
one (Fig. 7) and the van Gelderen formula (Van Gelderen et al., 1994). The
unrestricted diﬀusivity of the intra-axonal water was assumed equal to the free
diﬀusivity of water. The colour ranges are chosen to span 95% of voxels.

5.3. Biophysical compartment assignment
Since the compartments are parametrized identically in the threeellipsoid model, they cannot a priori be associated with a speciﬁc biophysical compartment, but the obtained parameter estimates provide
strong clues. In particular, the ﬁrst compartment is highly anisotropic
with large axial and small radial diﬀusivity, and is therefore most likely
mainly associated with intra-axonal water, although diﬀusion in other
highly anisotropic compartments, such as astrocytic arms, likely contributes to this signal to some extent (Veraart et al., 2020). Similarly,
the moderate anisotropy of the second compartment is compatible with
hindered diﬀusion in the extra-axonal environment of a ﬁbre bundle,
whereas the small diﬀusivities in the third compartment indicate that it
might correspond to water restricted inside small cells and subcellular
compartments as proposed in previous studies (Alexander et al., 2010;
Panagiotaki et al., 2012; Stanisz et al., 1997; Zeng et al., 2018).
As further support for the compartment assignments, both diﬀusivities of the ﬁrst compartment vary in accordance with the spatial distribution of axon diameters throughout the SC, as measured with histology
(Dula et al., 2010; Nunes et al., 2017; Xu et al., 2014; Zaimi et al., 2018).
For ﬁnite-width cylinders, this can be explained by the van Gelderen
relation between the radial diﬀusivity and the diameter, which is often used for axon diameter estimation (Van Gelderen et al., 1994). On
the other hand, the axial diﬀusivity is independent of the diameter in
perfect cylinders. In realistic axons, however, it might be aﬀected by
imperfections in proportion to the diameter. For instance, the eﬀect on
diﬀusion of a sinusoidal undulation with some amplitude and frequency
will likely be more pronounced for a stick than for a wide cylinder. It
is therefore sensible to expect a correlation of the intra-axonal axial diffusivity with axon diameter, consistent with the observed behaviour in
the parameter maps.
Adopting these compartment assignments, the intra-axonal axial dif∥
∥
fusivity, 𝐷𝑎 ∼ 2.1 μm2 /ms, exceeds the extra-axonal one, 𝐷𝑒 ∼ 0.9
μm2 /ms, calculated as the weighted average of compartments two and
three. Thus, in terms of branch choice, the three-ellipsoid model reverses
the interpretation relative to the two-compartment models and thereby
agrees with the literature consensus.
As further evidence for the biophysical interpretation, axon diameters can be estimated from the van Gelderen formula (Van Gelderen
et al., 1994) using the intra-axonal radial diﬀusivity from the compartment associated with axons (compartment one). We approximate the
free diﬀusivity as 𝐷0 = 3 μm2 /ms (Holz et al., 2000) which results in
the diameter map shown in Fig. 9. The median axon diameter estimate is
∼4 μm and generally the estimates follow histological data (Dula et al.,
2010; Nunes et al., 2017; Xu et al., 2014; Zaimi et al., 2018). Nevertheless, the diameters are generally overestimated but this is a well known
issue in dMRI due to inherent tail weighting towards larger diameters,
as well as beading, undulations, and not accounting for transverse intracompartmental kurtosis (Abdollahzadeh et al., 2019; Lee et al., 2019;

Nilsson et al., 2012; Schilling et al., 2016, 2018; Veraart et al., 2020).
In addition, the free water diﬀusivity 𝐷0 is likely an overestimation of
the intra-axonal diﬀusivity due to hindrances on the subcellular scale.
We found a roughly even split between intra- and extra-axonal signal
fractions. This is in line with histology which estimates the intra- and
extra-axonal volume fractions to each account for close to 50% of MR
visible water (Nunes et al., 2017; Xu et al., 2014; Zaimi et al., 2018).
Histology also shows that the intra-axonal volume radially increases and
has particularly high values in the VST, FG and FC regions. However,
apart from the dCST, FG and FC regions, we see the opposite behaviour.
The volume fractions should, however, be adjusted to take (generally
unknown) T2-weighting into account, such that the signal fractions – the
actually measured quantity – is represented. The observed behaviour of
the intra-axonal signal fraction could be explained if the extra-axonal T2
value radially increases relative to the intra-axonal one to the point of
exceeding it, but other factors such as T1 and proton density weighting
potentially also contribute. While we found no studies of the compartmental T2 values in spinal cord, the T2 of intra-axonal water in brain
WM and optic nerve is generally reported to exceed that of the extraaxonal water, but estimates vary substantially from approximately equal
values and up to a factor of 3-4 diﬀerence (Bonilla and Snyder, 2007;
Dortch et al., 2010; Lampinen et al., 2020; Veraart et al., 2018). Spinal
cord tissue could behave diﬀerently from these ﬁndings in brain WM
and optic nerve, but this warrants further study.
5.3.1. The small-diﬀusivity compartment
Overall, compartments one and two correspond well to the original
compartments of the SM, while the identity of the third compartment
is left to be established. The dot or small-diﬀusivity compartment has
mostly been observed in ﬁxed tissue (Alexander et al., 2010; Assaf and
Cohen, 2000, 1998a; Kroenke et al., 2006; Panagiotaki et al., 2012;
Pfeuﬀer et al., 1999; Stanisz et al., 1997; Williamson et al., 2019),
suggesting that it might be caused by ﬁxation related tissue changes.
For example, ﬁxation causes tissue shrinkage (Holmes et al., 2017) and
altered diﬀusion properties (Schilling et al., 2017) partly due to protein cross-linking. Fixation can also result in increased axon beading
(Stradleigh et al., 2015; Zhang et al., 2007) which modiﬁes the diﬀusion
(Lee et al., 2020a) and potentially also contributes to the appearance of
a small-diﬀusivity compartment ex vivo.
Accordingly, the compartment has typically been neglected for in
vivo data. However, observations of the dot compartment in vivo have
also been reported (Ferizi et al., 2014; Zeng et al., 2018) recently. In
both ex vivo and in vivo cases, ﬁbre dispersion and crossing ﬁbres have
typically not been taken into account, which makes non-parallel ﬁbres a
potential explanation for the apparent observation of a dot compartment
(Assaf and Cohen, 2000; Panagiotaki et al., 2012). This is supported by
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Fig. 10. The apparent parameters of the standard and two-ellipsoid models when a small-diﬀusivity third compartment is ignored. The apparent parameters are
determined by ﬁtting the models (two-ellipsoid (solid), standard (dashed)) to a ground truth signal generated by the two-ellipsoid model with kernel parameters
f = 0.59, D∥a = 2.06, D⊥a = 0.05, D∥e = 1.32, D⊥e = 0.44 μm2 /ms plus an isotropic compartment with diﬀusivity 0.1 μm2 /ms whose signal fraction f3 is varied. The
kernel parameters and ﬁbre ODF were chosen by ﬁtting to the voxel averaged normalized signal.

recent in vivo studies of human brain WM, which did not observe the
dot compartment after eliminating the confound of non-parallel ﬁbres
by using isotropic diﬀusion encoding or powder averaging (Dhital et al.,
2018; Tax et al., 2020; Veraart et al., 2019). On the other hand, a minor
small-diﬀusivity compartment was found to be supported in some WM
regions (up to roughly 5% signal fraction in cerebellum) (Tax et al.,
2020) indicating that such a compartment may be relevant even in in
vivo measurements.
In our case of SC WM, the main ﬁbre orientation is known,
but the axons do exhibit substantial dispersion (Grussu et al., 2016;
Jespersen et al., 2018). By explicitly including a general ﬁbre ODF, we
likewise eliminated the potential confound of non-parallel ﬁbres and
observed a small-diﬀusivity compartment rather than a dot compartment. We found a consistent and larger signal fraction (around 12%);
this could be caused by diﬀering T2 or microstructural diﬀerences between rat spinal cord and human brain WM.
The addition of an ODF relies on the assumption of similar microstructure in all ﬁbres. To investigate the sensitivity to diﬀering microstructure across ﬁbres, we carried out a simulation with two orthogonal ﬁbre bundles each with dispersion described by a Watson distribution (𝜅 = 8). The microstructure in each bundle was parametrized
by the original SM with diﬀering diﬀusion characteristics. Employing a
wide range of microstructural parameter values, we found that although
such a situation could bias parameter estimates, it could not result in an
apparent third compartment. All in all, we can therefore exclude nonparallel ﬁbres as a contributor to the small-diﬀusivity compartment.
Apart from ﬁxation eﬀects, multiple microstructural features have
been proposed as potential candidates for the small-diﬀusivity compartment, such as cell bodies, organelles, and membrane bound water
(Alexander et al., 2010; Dhital et al., 2018; Panagiotaki et al., 2012;
Stanisz et al., 1997; Zeng et al., 2018). Our observation of a ﬁnite diﬀusivity for the third compartment suggests that it originates from water
conﬁned in cells (Palombo et al., 2019, 2020), or other spaces of ﬁnite
extent. On the other hand, the compartment’s anisotropy is incompatible with spherical cells. Nevertheless, to get an estimate of the size that
these cells would have, we use the relation between mean diﬀusivity and
sphere diameter (Murday and Cotts, 1968), resulting in a narrow diameter distribution with a median value of 5.5 μm (90% interval: [4.9, 6.0]
μm). This is too small for glial cells or somas when compared with human WM, where cell bodies of microglia have diameters in the range
of 7 to 20 μm (Karperien et al., 2013). While it is possible that rat SC
contains smaller cells than human WM, it seems more plausible that the
source of the small-diﬀusivity compartment is something else.

It is also possible that water exchange takes place between the third
compartment and the extra-cellular compartment. While this could explain the apparent anisotropy of the third compartment even if its source
was spherical cells, it would also increase the apparent cell size and
thereby require the actual size of the cells to be even smaller than the 5.5
μm. Glial cells in particular are likely to have substantial water exchange
and are therefore an even less likely candidate source when exchange is
taken into account. Likewise, it is possible that the third compartment
is actually a very small compartment, but that it appears to have a nonzero diﬀusivity because of water exchange (Tax et al., 2020). Notably,
this would make the “dot” compartment harder to detect at long diﬀusion times employed in clinical settings because of the resulting increase
in its apparent diﬀusivity - eventually, in the long time limit, it would
eﬀectively merge with the extra-cellular compartment. This could provide an explanation why a third compartment has been less pronounced
in vivo.
At the sequence timings employed here, myelin bound water can
also not be excluded as a contributor to the third compartment. However, due to its low T2, it is unlikely to be the sole contributor; indeed, myelin water T2 has been found to be between 5-15 ms at 16.4 T
with a water fraction around 40% (Serradas-Duarte and Shemesh, 2018;
Shemesh, 2018), suggesting that its signal fraction is at most 10%
but likely smaller. This is assuming that the intra/extra axonal water decays with a T2 of 40 ms (Serradas-Duarte and Shemesh, 2018;
Shemesh, 2018).
5.4. Eﬀect of the third compartment on SM estimates
An important ﬁnding of our study is that applying the two compartment SM can signiﬁcantly bias, and potentially reverse, the microstructural interpretation. To illustrate this further, in Fig. 10, we show the
apparent parameters when ﬁtting the SM and the two-ellipsoid model
to a signal generated with the three-ellipsoid model. The b-values and
gradient directions are identical to the ones employed in this study. The
kernel parameters are chosen to match those obtained by ﬁtting the
three-ellipsoid model to the mean normalized signal across voxels, except for the third compartment which, for simplicity, is chosen to be
∥
isotropic with 𝐷3 = 𝐷3⊥ = 0.1 μm2 /ms. The apparent SM parameters are
plotted as a function of the signal fraction 𝑓3 . For both the SM and the
two-ellipsoid model, as the signal fraction of the third compartment is
increased beyond a certain point, the solution switches from an appar∥
∥
ent plus-branch to minus-branch solution. The crossing point 𝐷𝑎 = 𝐷𝑒
occurs already at a signal fraction of roughly 𝑓3 ∼ 2%. This shows that
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even a small signal fraction can drive the apparent parameters far away
from the ground truth, and provide a qualitatively altered microstructural interpretation.
The estimated parameters of the SM in spinal cord are biased even
when the signal fraction of the third compartment is zero. This is because the SM assumes zero intra-axonal radial diﬀusivity (Olesen et al.,
2019a). On the other hand, the two-ellipsoid model results in a negative
intra-axonal radial diﬀusivity, which here serves as an indicator for the
third compartment. We previously observed this eﬀect in another rat
SC imaged with SDE (𝑏𝑚𝑎𝑥 = 9 ms/μm2 , pulse seperation/width: 45/2
ms ) (Olesen et al., 2019a). A reanalysis of those data with a threecompartment model reassuringly results in observations similar to those
reported here. This provides independent support of our ﬁndings and
suggests that they are reproducible and untied to the DDE sequence.

microstructural interpretation is reversed if naively applying the twocompartment SM, a result which emphasizes the importance of taking
the additional compartment into account.
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5.5. Experimental requirements
To roughly estimate the experimental requirements for robustly extending from the SM to the three-ellipsoid model, we carried out a Monte
Carlo simulation in which multiple realizations of Gaussian noise were
added to a ground truth signal. The signal was generated by the threeellipsoid model with parameters chosen by ﬁtting the three-ellipsoid
model to the mean normalized signal across all voxels. The SNR was
varied to ﬁnd the minimum SNR required for the relative standard error to be below 10% in the kernel parameters; since the variance differs among the parameters, the one with the largest relative error was
used. To increase applicability, a simpliﬁed experimental design was
employed with 21 b-shells linearly spaced between 0 and 10 ms/μm2
each with 32 gradients directions evenly distributed on the sphere using both linear and planar encoding.
Both the three-ellipsoid model and SM were ﬁtted to the generated
data. The minimum SNR was found to be ∼150 and ∼45 for the threeellipsoid model and SM respectively. The models can be ﬁtted robustly
at lower b-values at the cost of a higher SNR requirement: compressing the b-value spacing to decrease the maximum b-value to 5 ms/μm2
increased the SNR requirements to ∼400 and ∼100. This suggests that
the three-ellipsoid model requires a three- to four-fold SNR increase relative to the SM. Note that this is for spinal cord tissue which is highly
anisotropic, and the speciﬁc numbers could change when this is not the
case.
The conversion to account for a diﬀering amount √
of measurement
points is done by multiplying the required SNR by 𝑁1 ∕𝑁2 , where
𝑁1 ∕𝑁2 is the ratio of the number of measurement points. To bring the
SNR requirement down, multiple repetitions 𝑅 √
can be used in which
case, the required SNR is decreased by a factor 1∕𝑅. Applied to our
particular acquisition with 140 b-shells and twice the amount of gradient directions relative to the simpliﬁed design above, the required
SNR for the three-ellipsoid model is roughly decreased from 150 to 40
– slightly below the minimum SNR of the actual acquisition.
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Appendix A
Two rat spinal cords were imaged using the same acquisition parameters as described above but with halved repetition time to reduce the
duration of the experiments. The reduced SNR was suﬃcient to reproduce the following selected results, thereby demonstrating reproducibility across samples. We note that for one of the datasets (labeled by letter
b in Figs. A.1 and A.2), only the subset of data with 𝑏 > 1 ms/μm2 was
used in order to reduce Gibbs ringing from accumulated free water at
one side of the spinal cord. As illustrated In Fig. A.1, we consistently ﬁnd
a negative and thus unphysical radial diﬀusivity in compartment two
when ﬁtting the two-ellipsoid model thus providing a strong indicator of
model-data incompatibility. Physical parameter estimates are recovered
when a third compartment is included as illustrated in Fig. A.2 showing
ﬁts with an added dot compartment. For both models, the parameter
estimates are overall similar to those of the main dataset with subtle
diﬀerences likely being attributable to biological variation and diﬀering slice position along the spinal cord.
The asymmetry showed in the main dataset is not present in the
spinal cords presented here: Dataset a has no pronounced asymmetry.
Dataset b shows some asymmetry as is visible in the lower left parts of
the volume fraction maps in Fig. A.1, but the location and appearance
of the asymmetry is diﬀerent from that of the main dataset. The previously mentioned free water accumulation is located next to the region in
question and is therefore likely related. In Fig. A.2 it is seen to manifest
as an increase in the dot signal fraction.

6. Conclusion
With the purpose of identifying model behaviour beyond the SM, several extended microstructural models were applied to extensive linear
and planar diﬀusion weighted dataset from ﬁxed rat SC. The data was
found to be incompatible with a two-compartment description, and this
could not be remedied by including a non-zero intra-axonal radial diffusivity, or intracompartmental kurtosis. On the other hand, including a
third compartment provided parameter estimates in overall agreement
with expectations. This additional compartment was found to have a
small but ﬁnite diﬀusivity with a minor but non-negligible contribution
to the signal. In contrast to similar observations of such a compartment
in previous studies, here, crossing ﬁbres is not a candidate source, but
multiple candidate sources remain possible. With the compartment included, parameter estimates support the intra-axonal axial diﬀusivity
being larger than the extra-axonal one (the plus branch). Notably, this
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Fig. A.1. Parameter estimates of the two-ellipsoid model estimated using the two secondary spinal cord datasets with a row for each compartment and a column of
each kernel parameter. The colour ranges are chosen to span 95% of voxels.

Appendix B

Novikov et al., 2019)

Here, a description of the numerical framework used for evaluating
the model signals is provided. Note that the cases of Gaussian diﬀusion
and non-Gaussian diﬀusion are treated diﬀerently.
Gaussian compartments
In the case of Gaussian compartments, because we use gradients of
equal strength, the kernel is on the form

𝑆 (𝑏, 𝒈̂ )∕𝑆0 = 4𝜋
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where signiﬁes complex conjugation. The direction 𝒈̂ is understood
as the common gradient direction in the parallel case and the plane
normal in the perpendicular case. The coeﬃcients 𝑙 (𝑏) can be analytically determined (Jespersen et al., 2007), which is valuable in terms
of numerical eﬃciency. Furthermore, due to physical constraints, the
number of independent 𝑝𝑙𝑚 coeﬃcients is reduced. One such constraint
is that 𝑝00 𝑌00 = 1∕4𝜋 because the ﬁbre ODF is normalized. Likewise, because diﬀusion signals have antipodal symmetry, only terms with even
𝑙 are non-zero and lastly it follows from the ODF being real valued that
𝑝𝑙−𝑚 = (−1)𝑚 𝑝∗𝑙𝑚 . Incorporating these constraints results in the signal expression
∗

𝛼

∑

𝑙 (𝑏)

1

where the diﬀusion weighting of each pulse is 𝑏∕2 so that the total
weighting is 𝑏. When the two pulses are parallel, 𝜀21 + 𝜀22 = 2𝜀2 with 𝜀
being the common projection. When they are perpendicular, 𝜀21 + 𝜀22 =
1 − 𝜀2 with 𝜀 being the projection of the normal to the plane spanned by
𝒈̂ 1 and 𝒈̂ 2 . The kernel can therefore be expressed as a function of 𝑏 and
𝜀:
∑
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To facilitate numerically eﬃcient signal evaluation, the ﬁbre ODF is
expanded in spherical harmonics 𝑌𝑙𝑚 and the kernel in Legendre polynomials 𝑃𝑙 . This expansion has the practical beneﬁt of transforming the
spherical convolution in Eq. (2) to a product (Jespersen et al., 2007;

which is essentially a linear combination of terms on the form
𝑙 (𝑏)𝑌𝑙𝑚 (𝒈̂ ). One reason why this form is eﬃcient numerically, which
might not be obvious, is the separation of the 𝑏 and 𝒈̂ dependence. This
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Fig. A.2. Parameter estimates of the two-ellipsoid model with an added dot compartment estimated using the two secondary spinal cord datasets. The panels are
arranged with a row for each compartment and a column of each kernel parameter. The colour ranges are chosen to span 95% of voxels.

is because the kernel (Legendre coeﬃcients) need only be evaluated for
each unique b-value and likewise the spherical harmonics need only be
evaluated for each unique gradient direction. Furthermore, the spherical
harmonics depend only on the gradient directions, which are ﬁxed during model ﬁtting and therefore only need to be calculated once. Eﬀectively, the required number of operations for a model evaluation therefore scales with the number of unique b-values. In contrast, a direct
approach would require an evaluation of the kernel for each unique 𝑏
and 𝒈̂ pair prior to numerically evaluating the spherical convolution.
A model evaluation would thus scale with the product of the number
of b-values and gradient directions (a large number, especially for an
extensive dataset).

Non-Gaussian compartments
In the case of non-Gaussian diﬀusion, the kernel exponent contains
terms 𝜀41 , 𝜀42 , which complicates the signal evaluation because unlike
𝜀21 + 𝜀22 , the term 𝜀41 + 𝜀42 , cannot be expressed by 𝜀 for planar encoding.
Therefore, instead of expanding the combined kernel, we expand the
response from each encoding separately: denote the single-pulse-pair
ﬁbre response of compartment 𝛼 by k𝛼 (𝑏, 𝜀)
[ (
(
) )
)]
1 2(
k𝛼 (𝑏, 𝜀)≡ exp −𝑏 𝐷𝛼⟂ + 𝐷𝛼‖ − 𝐷𝛼⟂ 𝜀2 + 𝑏2 𝐷𝛼 𝑊𝛼(0) + 𝑊𝛼(1) 𝜀2 + 𝑊𝛼(2) 𝜀4 .
6
(B.8)
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Then, the combined ﬁbre response kernel and the signal may be written as
(
) ∑
(
) (
)
 𝑏, 𝜀1 , 𝜀2 =
𝑓𝛼 k𝛼 𝑏, 𝜀1 k𝛼 𝑏, 𝜀2 ,
(B.9)

tested but established for the model parameters obtained from ﬁtting
and with the ground truth signal calculated with Lebedev quadrature
(Lebedev and Laikov, 1999) using 5810 points to directly evaluate the
spherical integral.

𝛼

(
)
𝑆 𝑏, 𝒈̂ 1 , 𝒈̂ 2 ∕𝑆0 =
=

(

∫
∑
𝛼

𝑑 𝒏̂ 𝑃 (𝒏̂ ) 𝑏, 𝜀1 , 𝜀2
𝑓𝑎

∫

Parameter estimation
We estimate model parameters from data using least-squares nonlinear ﬁtting with the signal expressions derived above. These are bilinear combinations of non-linear functions with the signal fractions 𝑓𝛼
and ODF coeﬃcients 𝑝𝑙𝑚 being the linear parameters. This makes them
suitable for variable projection, which separates the ﬁtting problem
into two independent steps, a linear and a non-linear part (Golub and
Pereyra, 2003). A traditional application within MRI is ﬁtting sums of
exponentials (Fadnavis et al., 2019; Farooq et al., 2016). In this case,
the signal fractions are the linear parameters which can be determined
by linear least-squares once the non-linear parameters (i.e., the decay
rates) are speciﬁed. The nonlinear parameters are subsequently determined by nonlinear ﬁtting, and the process reiterates until convergence.
Since our signal expression is bilinear, we may either eliminate the signal fractions or the ODF coeﬃcients. The considered models contain two
or three signal fractions; much fewer than the 65 (for 𝑙𝑚𝑎𝑥 = 10) ODF
coeﬃcients so these are the ones eliminated. Apart from reducing the
amount of nonlinear parameters by 65, we thereby avoid the need to
provide a starting guess for the ﬁbre ODF.
In summary, the ﬁbre ODF in each model is parametrized by 65 parameters (including real and imaginary parts of the coeﬃcients); these
are treated as linear parameters. The number of kernel parameters include a signal fraction for each compartment, a single diﬀusivity for each
stick compartment, and two diﬀusivities for each ellipsoid compartment.
One kurtosis parameter is used for the intra-axonal non-Gaussian compartment and two for the extra-axonal non-Gaussian compartment. In
total, the numbers of non-linear parameters are thus ﬁve for the SM,
six for the two-ellipsoid model, nine for the non-Gaussian two-ellipsoid
model, and nine for the three-ellipsoid model. When one compartment is
simpliﬁed to a dot compartment in the three-ellipsoid model, the number of kernel parameters is reduced from nine to seven. To estimate these
parameters we use for each encoding method (linear and planar) 2624
combinations of b-values and encoding directions for the results in the
main text, and 1664 combinations for the results presented in appendix
A.

)

(
) (
)
𝑑 𝒏̂ 𝑃 (𝒏̂ )k𝛼 𝑏, 𝜀1 k𝛼 𝑏, 𝜀2 .

(B.10)

Expanding 𝑃 (𝒏̂ ) in spherical harmonics and k𝛼 in Legendre polynomials, the normalized signal from compartment 𝛼 can be expressed as
∫

∑
∑(
(
) (
)
)
( )
𝑑 𝒏̂ 𝑃 (𝒏̂ )k𝛼 𝑏, 𝜀1 k𝛼 𝑏, 𝜀2 = 𝑑 𝒏̂
𝑝lm 𝑌lm (𝒏̂ )
2𝑙1 + 1 k𝛼𝑙 (𝑏)𝑃𝑙1 𝜀1
1
∫
𝑙1

lm

∑(
)
( )
2𝑙2 + 1 k𝛼𝑙 (𝑏)𝑃𝑙2 𝜀2 =
𝑙2

∑
𝑚1

2

∫

𝑑 𝒏̂

∑
lm

𝑝lm 𝑌lm (𝒏̂ )

∑
𝑙1

k𝛼𝑙 (𝑏)4𝜋
1

∑
∑
( )∗
( )∗
𝑌𝑙1 𝑚1 𝒈̂ 1 𝑌𝑙1 𝑚1 (𝒏̂ )
k𝛼𝑙 (𝑏)4𝜋
𝑌𝑙2 𝑚2 𝒈̂ 2 𝑌𝑙2 𝑚2 (𝒏̂ )
𝑙2

2

(B.11)

𝑚2

The spherical integral can now be analytically evaluated to be
√
(
)(
)
(2𝑙 + 1) 2𝑙1 + 1 2𝑙2 + 1
𝑑 𝒏̂ 𝑌𝑙𝑚 (𝒏̂ )𝑌𝑙1 𝑚1 (𝒏̂ )𝑌𝑙2 𝑚2 (𝒏̂ ) =
∫
4𝜋
(
)(
)
𝑙
𝑙1
𝑙2
𝑙
𝑙1
𝑙2
,
(B.12)
0
0
0
𝑚 𝑚1
𝑚2
where the 2x3 symbol is the Wigner 3-j symbol which has the selection
rules 𝑚 + 𝑚1 + 𝑚2 = 0 and |𝑙 - 𝑙1 | ≤ 𝑙2 ≤ 𝑙 + 𝑙1 . To compress notation,
deﬁne
) √ √
(
)(
)
𝑙 𝑙 (
𝑙𝑚1 2 𝒈̂ 1 , 𝒈̂ 2 ≡ 4𝜋 (2𝑙 + 1) 2𝑙1 + 1 2𝑙2 + 1
)
(
)
(
( )∗
( )∗
𝑙
𝑙1
𝑙2 ∑ 𝑙
𝑙1
𝑙2
𝒈̂ 𝑌𝑙2 𝑚2 𝒈̂ 2 .
𝑌
(B.13)
0
0
0 𝑚 𝑚 𝑚 𝑚1
𝑚2 𝑙1 𝑚1 1
1 2

While this object is relatively complicated, it only needs to be calculated once, because it depends solely on the gradient directions which
are ﬁxed. The signal can now be evaluated as
∑
∑
(
)
)
𝑙 𝑙 (
𝑆 𝑏, 𝒈̂ 1 , 𝒈̂ 2 ∕𝑆0 = 4𝜋
 𝑙 1 𝑙 2 (𝑏 )
𝑝𝑙𝑚 𝑙𝑚1 2 𝒈̂ 1 , 𝒈̂ 2 ,
(B.14)
𝑙1 𝑙2

 𝑙 1 𝑙 2 (𝑏 ) ≡

∑
𝛼

𝑙𝑚

𝑓𝛼 k𝛼𝑙 (𝑏)k𝛼𝑙 (𝑏) .
1

2
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